
Homework II: Simplicial Complexes

due 11 Nov, 2010

A For each positive integern, let ∆n be the simplicial complex consisting of an
n-simplex together with all of its faces. Prove thatχ(∆n) = 1:

B Let C be a convex set in Euclidean space. Prove formally thatC is contractible,
or homotopically equivalent to a point. (hint: pick a randompoint c ∈ C and
construct a homotopy between the identity map onC, and the constant map
which maps every point inC to c):
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C Let S be a finite set of points in an arbitrary metric space. First prove that the
containmentRipsS(r) ⊆ CechS(2r) holds for everyr ≥ 0. Then give a coun-
terexample showing that the complexes are not always equal:

D Let K be a simplicial complex geometrically realized inR
d. A flag in K is a

nested sequence of proper facesσ0 < σ1 < . . . σk for somek; in other words,
a flag is an ordered list of simplices such that each member is aface of the next
simplex but is not equal to it. DefineA to be the set of all flags inK.

(a) Prove thatA is an abstract simplicial complex:

(b) Prove thatA has a geometric realization inRd (hint: you don’t need to
work very hard to create the realization!):
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E Let S ⊆ R
d be a finite set of points in general position. For each of the two

containment claims below, either prove them or provide a counterexample:

(a) For allr > 0, AlphaS(r) ⊆ CechS(r) ∩ Del(S):

(b) For allr > 0, CechS(r) ∩ Del(S) ⊆ AlphaS(r):

F Let K be a simplicial complex and letF be the collection of closed stars of
all the vertices ofK (recall that the closed star of a vertexv is all simplicesσ
which containv, and also all faces of such simplices). What is the nerve ofF

isomorphic to?
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